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» ■ ABSTRACT 

For processes with gauge bosons in the final state we show how to continuously connect 

^ . with a single Born-improved amplitude the resonant region, where resummation effects are 

\Q \ important, with the asymptotic region far away from the resonance, where the amplitude 

CN \ must reduce to its tree-level form. While doing so all known field-theoretical constraints 

Q I are respected, most notably gauge-invariance, unitarity and the equivalence theorem. 

Q\ • The calculations presented are based on the process // -^ ZZ, mediated by a possibly 

^^ resonant Higgs boson; this process captures all the essential features, and can serve as 

a prototype for a variety of similar calculations. By virtue of massive cancellations the 

resulting closed expressions for the differential and total cross-sections are particularly 



P i 

^1 compact. 
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1 Introduction 

The physics of unstable particles in general [HI and the computation of resonant transi- 
tion amplitudes in particular [Q has attracted significant attention in recent years, because 
it is both phenomenologically relevant and theoretically challenging. The main theoretical 
difficulty arises from the fact that in the context of non-Abelian gauge theories the stan- 
dard Breit-Wigner resummation used for regulating physical amplitudes near resonances 
is at odds with gauge invariance, unitarity, and the equivalence theorem p. Consequently, 
the resulting Born-improved amplitudes in general fail to capture faithfully the underlying 
dynamics. 

A solution to this problem has been accomplished at the one-loop level 0, Q by re- 
sorting to the reorganisation of perturbation theory implemented by the pinch technique 
(PT) 1^, 1^. The resummation formalism based on the latter method satisfies a set of 
crucial physical requirements, and provides a self-consistent framework for dealing with 
resonant transition amplitudes. The main thrust of this diagrammatic method is to ex- 
ploit the properties built into physical amplitudes in order to construct off-shell Green's 
functions with the following properties (i) they are independent of the gauge-fixing pa- 
rameter; (ii) they satisfy naive (ghost-free) tree-level Ward identities (WI's) instead of the 
usual Slavnov- Taylor identities; (iii) they display physical thresholds only [Q; (iv) they 
satisfy individually the optical and equivalence theorems [^, |, |^; (v) they are analytic 
functions of the kinematic variables; (vi) the effective two-point functions constructed 



are universal (process- independent) P, Dyson-resummable [|, |T0[, and do not shift the 
position of the gauge- independent complex pole |0, p!I| . 

From the phenomenological point of view the upshot of the above framework is to 
construct Born-improved amplitudes in which all relevant physical information has been 
encoded. This in turn is useful for the detailed study of the physical properties of par- 
ticles, most importantly the correct extraction of their masses, widths, and line shapes. 
The precise measurement of the mass and the width of the W gauge boson for example is 
of fundamental physical importance. At present W bosons are produced at the Fermilab 
Tevatron (single W production) and at the CERN LEP2 {W pair-production), whereas 
large numbers of W bosons are expected to be produced at the Large Hadron Collider 
(LHC). In addition, muon colliders are scheduled to operate as Higgs factories for interme- 
diate energies of about 500 GeV, and copious amounts of Higgs bosons through resonant 
s-channel production are expected [0. 

Given the importance of Born-improved amplitudes, one must study their properties 
further. One open question in this context is how to connect smoothly resonant with 
asymptotic regions. On physical grounds one expects that far from the resonance the 
Born-improved amplitude must behave exactly as its tree- level counterpart; in fact, a 
self-consistent resummation formalism should have this property built in, i.e. far from 
resonance one should recover the correct high energy behaviour without having to to re- 
expand the Born-improved amplitude perturbatively. Recovering the correct asymptotic 
behaviour is particularly tricky however when the final particles are gauge bosons. In order 
to accomplish this, in addition to the correct one-loop (running) width, the appropriate 
one-loop vertex corrections must be supplemented; these vertex corrections and the width 
must be related by a crucial tree-level Ward identity. In practice this WI ensures that 



massive cancellations which take place at tree-level will still go through after the Born- 
amplitude has been "dressed" . 

The need for preserving tree-level Ward identities when dealing with gauge bosons in 
the final state has been emphasized from various points of view in the recent literature. 
As was pointed out first in [|13| in the context of the process qq' — > £z/7, maintaining 
the electromagnetic gauge invariance associated with the outgoing photon necessitates 
such a WI relating the running (fermionic) width coming from the W self-energy and the 
WlVj vertex containing a fermionic triangle. The phenomenological implications of this 
observation were further studied in |T^ , where the complete set of fermionic corrections 



was taken into account Q The non-Abelian case has been addressed in |^ using the PT; 
the non-trivial point in this context is to construct one-loop running widths and one- 
loop three-boson vertices which are independent of the gauge-fixing parameter, and at 
the same time satisfy tree-level WI. | Finally, as was shown in |^ these WI are crucial 
for satisfying the equivalence theorem before and after resummation. However, to date 
it has not been demonstrated explicitly (i) how the need for maintaining the tree-level 
WI manifests itself at the level of the cross-section, for both Abelian (fermionic) and 
non-Abelian (bosonic) corrections, (ii) what is the precise field-theoretical mechanism 
which restores the correct high-energy behaviour; as we will see in detail, the WI by 
itself is neither a necessary nor a sufficient condition for recovering the correct asymptotic 
behaviour, and must be combined with additional requirements, (iii) whether the PT 
algorithm has all aforementioned necessary requirements built in it. 

In this paper we will address the issues listed above. In particular, we will show with 
detailed analytic calculations that the Born-improved amplitudes constructed by means 
of the PT resummation algorithm not only encodes correctly the effects on and around the 
resonant but also far from it. To study the above points we will calculate the (resonant) 
Higgs boson contributions to the process // — > ZZ. The motivation for turning to this 
particular process is three- fold. First, from the theoretical point of view this process 
contains all necessary features, without additional technical complications; for example, 
unlike the // —>■ W~^W~ it does not contain any non-resonant (non-Higgs boson related) 
background due to an s-channel 7 and Z. Second, the Higgs boson self-energy and 
vertex receives contributions from loops containing fermions, scalars, and gauge bosons. 
Therefore this process can serve as a prototype for studying the relevant issues. Third, 
the resonant process // -^ ZZ may be intrinsically interesting for muon colliders, if the 
Standard Model Higgs boson turns out to be heavier than 2Mz- Therefore, the exact 
closed expressions for the Born-improved amplitude presented here may be useful for 
studying various properties of this process in detail. 

The paper is organized as follows: In section II we derive closed expressions for the 
differential and total cross-sections away from the resonance, and establish their high 
energy behaviour. In section III we calculate the same cross-sections where we now 
account for resonant effects; in particular we derive closed expressions for an arbitrary 
running width and and an arbitrary form of the HZZ vertex compatible with Lorentz 



"'^In the fermionic case both the gauge-fixing parameter independence of the result and the preservation 
of the WI are automatic, because these corrections are Abehan-Uke. 

^In the context of the Background Field Method ||l^ or the axial gauges [|l6[ only the latter property 
is guaranteed. 



invariance and CP symmetry. We then analyse in detail the mechanism which enforces 
the correct high energy behaviour of the Born-improved amplitude when the PT width 
and vertex are used. In section IV we show how the mechanism of the previous section 
can be realized explicitly in the PT context. In section V we present our conclusions. 
Finally, various useful formulae are presented in an Appendix. Throughout this work we 
only consider the absorptive (imaginary) contributions to the width and the vertex; they 
constitute the minimum amount of "dressing" necessary in order to regulate the resonant 
amplitude. The real (dispersive) corrections can also be included in a systematic way, but 
this task is beyond the scope of the present work. 

2 The differential and total cross-sections 

In this section we present closed expressions for the tree-level differential and total cross- 
sections for the process f{pi)f{p2) —* Z{ki)Z{k2) and study their behaviour in the limit 
where the center-of-mass energy is much larger than any other mass scale. The purpose is 
twofold: (i) we show that if the cancellations of the PT are implemented before the calcu- 
lation the resulting expressions are rather compact (ii) Based on these closed expressions 
we can easily establish the behaviour of the cross-section far from resonance. 

The tree-level transition amplitude T^i, for the process f{pi)f{p2) -^ ^(^1)^(^2) is 
the sum of an s-, a t-, and a u- channel contribution (Fig. 1), denoted by T^^^, Tt^u, and 
Tuf,u, respectively, given by 

Tt/.u = v{p2)T^J^ r^/-^ u{pi) , 

pi- l/ti-mf 

%,. = v{p2)T',l^- J V'Jfu{pi). (2.1) 

Pi- f2 -ITT'f 

Here, s = (pi + ^2)^ = (^1 + ^2)^ is the center-of-mass energy squared, Tq^^ — 



{igwMz/cn,)g^,u, ^o^^ = -ign, m f / {2Mw) and F^/-^ = -i5f^/(2c^) 7^ [T/(l - 75) - 



2Qfs'^], with c^ = w 1 — s^ = M^r/Mz, are the tree-level HZZ^ Hff and Zff cou- 
plings, respectively, Qf is the electric charge of the fermion /, and T/ its z-component 
of the weak isospin. Away from the resonance the propagator for the Higgs boson is 
given by the usual tree- level expression Ao(s) = (s — Mjj)~^. For on shell Z bosons, i.e. 

■^HZz 



k'l = kl = Mz, the vertex F^f^ satisfies the following WI 



2r 



Kk^2^ir = ^^^[Ao-^(s) + (Mi - 2M|)], (2.2) 



which, as we will see, controls the high energy behaviour of the tree-level amplitude. 
The Mandelstam variables t and u are given by 

t ={h- pif = {p2 - hf = -i(/3| + /3| - 2zx)s , 

u =(ki-p2y = {pi-k2)^ = -'M + P} + 2zx)s, (2.3) 



where x = cos 6 is the center-of-mass scattering angle, and 



/ AMI / 4m2. 
Pz = \l ^, Pf = \l ^, z = PzPf. (2.4) 



The squared matrix element |A^P averaged over initial and final polarization states is 
given by 






1-^1^=4 E i^T,.^] [9'' - ^ (^^^ - ^j [<'.'v\ , (2.5) 



and the unpolarized differential cross section for leptons in the initial state [| reads 

da 1 Pzh 



dx 3271 j3f s 



|A<|2 . (2.6) 



For the actual calculation it is convenient to write \M.\'^ as the sum of six sub- 
amplitudes distinguished by their dependence on the three Mandelstam variables s, t, 
and u. In carrying out this decomposition we follow the method explained in detail in 
[§]; in particular, we carry out analytically a large number of cancellations between terms 
originating from the longitudinal pieces kiki /M'^ and ^2 A;2 /M^ appearing on the left- 
hand side of Eq.( |2.5| ). These cancellations are carried out systematically by resorting to 
the PT reorganisation of the amplitude, i.e. we use the tree-level Ward identity obeyed by 
the amplitude in order to extract s-channel-like pieces from t and u graphs, which cancel 
against analogous contributions coming from the usual s-channel graph. Specifically, we 
start from the following elementary WI satisfied by the two sub-amplitudes: 



kik2-isf_iu — -'s + -'P 



with 



and 



k'ik^2i%,. + Tut.u) = MUrt + %)-rp, (2.7) 



Tp = v{p,)r^Mpi)Ms)(^-^yo\s) , (2.^ 
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X = viP2)rf"—^ rf^^"^(Pi), (2.9) 

pi- ^2 -ruf 

where T'^ -f-f = — g^ (mf/Mw) T^lb is the coupling of the neutral Goldstone boson G° to 
the fermions. Then, by adding both parts of Eq. (|2.7| ) we see that the Tp terms cancel on 



^If the initial fermions are quarks we must multiply by a factor of -i . 



the RHS and we are left exactly with what one expects from the (generalized) equivalence 
theorem p. 

After carrying out the above cancellations, a straightforward calculation shows that 
the differential cross-section reads 



- = (-) (^) (^) (- 
dx \6A)\ci)\/3j\s 

where a^ = (7^/(47r), and 



M,, + M,t + M,„ + Mu + Muu + M, 



ut 



M. 



M. 



2s r 

(u — rrif) J I J 



(2.10) 



Mut 



2(t-m2)2 

1 s^ 

2 (m — mj)2 



/4^ X - /5ZX + /e 



/4Z X + f5zx + fe 



2 {u — m'j){t — mj) 



frz'x' + fs 



with 



/i 

/2 
/3 



M2 Mt 



^H 



H 



^^ ^Ml^'^Ml^ Ml ' 



3 -4a 



/ 



My 



1 + 4a/- — „ , 

■^ Ml M: 



rrif / „ 
+ ^ (Ml + 2M 
Mi\ " 



m 
z Mz 



2' 



U = -(24 + 3<'/ + 5)-i||(% + l)- 



1 ?Tli 



2M| ' 






/s = -^(8aJ-4aj + ^, , 



/6 



s 



2a) + 3ay + J ) /3| + ^ (SaJ - 28ay + -j + -^ (4a/ + 1) 



(2.11) 



mlMl / „ X 2mt , ^ , 1 m^ 2mt 

/ ^r.«.2_,«.. , .^_^(i6aJ-16a, + 3) + -^-^, 



(48aJ - 56a f + 3 



2 M| M|s 



/r 



2 4 

ml , rrif 



Ml 



Ml ' 



m^f / „ X IQMl / , 1\ m. 



(l6aj- — 56a f — 3 
(16aj — 16a/ — 1 



2«/ + 3a/ + -j + ^(4a/-l) 



J /I fi^2 _ 1 c^ _ __ 1 \ . / 'i 



(l6aj + 56a/ + 1 



mi Am'i 

Jii^TM ' 



(2.12) 



where we have defined aj = (T/ — 2Qfsl 



The total cross-section is given by 



2\J-i ^[dx, 



(2.13) 



where the statistical factor ^ is due to the two identical Z bosons in the final state. After 
carrying out the angular integration a is given by 

„2\ /«_\ /l^ 



a 



128 



a 



c. 






<7ss + (^st + CFsu + CTtt + Cr«« + CT- 



ut 



(2.14) 



where 



(Tss 
<^st = O'su 

Ctt = <^uu 



2sAf,mpjh 



-SAomj 
4 



/a 



V 



iPjf2 + yfs] 



y2 _ ^2 



z'^h + yh + h + 8/4 - -(/s + 2yU)v 



zy 



z{z-2y)fj + {y^h + fs)V 



and 



4(1 + A 



I), 



l^ = ln 



y- z 
.2 



(2.15) 
(2.16) 



and we have used that t — m'j = {s/2){y + zx) and u — mj = {s/2){y — zx). 

The following comments are now in order: 

(i) By virtue of the extensive cancellations described at the beginning of this section, 
the resulting expressions for the differential and total cross sections are particularly 
compact. 

(ii) For rrif = the differential and total cross sections given above reduce to the 
expressions given in Eq.(3.5) and Eq.(3.7) of [|17|, respectively. 



(iii) Notice that all sub-amplitudes fi given in Eq. ( |2.12| ) behave at most as constants 
for large s. This is a generic feature of the PT reorganisation of the amplitude, as 
was demonstrated first in [Q for the case of e'^e" —>■ W^W~ . 

(iv) It is straightforward to verify that in the limit s ^ fi^, where fi is any of the particle 
masses in the process, i.e. mj, M|, M^, and Mjj, we have that /2 = /s = |/i, 
/s = 0, /4 = — /e and /y = — /g. In that limit we obtain 



O'ss + O'st + O'su 
Ott + Ouu + Out 



0{ 



fX^ 



l\U\\n{s/m}) + ... , 



(2.17) 



where the elhpsis denote terms which are at most constants. Consequently, for large 
s the total cross section is the (manifestly positive) quantity 

We see that, as is expected on physical grounds, the asymptotic behaviour of the 
cross-section is determined by the "genuine" t-and w-channel terms, i.e. the t-and 
M-channel terms remaining after the cancellations of the longitudinal polarization 
momenta has been carried out. 

(v) The expression for ags is identical to the imaginary (absorptive) part of the gauge- 
invariant set of one-loop self-energy-like graphs involving two virtual Z bosons (to- 
gether with the corresponding Goldstone bosons and ghosts) derived in [^, given 
also in section IV of the present paper. 

3 The Born-improved amplitude 

In this section we will recompute the amplitude for the process f{j>i)f{p2) — ^ Z{ki)Z{k2) 
using a generic parametrization for the width of the Higgs boson, and for the HZZ vertex. 
This calculation will show quantitatively how the high energy behaviour of the amplitude 
is altered if the parametrization of the width and the vertex is kept arbitrary, and the 
precise role of the WI will be analysed. In addition it will be shown that if the PT width 
and vertex are used, the correct high energy behaviour will emerge. 



In the vicinity of the Higgs boson resonance, i.e. for s ~ Af^, the amplitude % 



S flU 



given in Eq. (|2.1| ) diverges, and must be regulated by introducing a width in the Higgs 
boson propagator. In particular we must replace the tree-level Aq by a A of the form 

A = [s - Mjj + i'^m U{s)]-\ (3.1) 

where H(s) is the (appropriately defined) one-loop self-energy of the Higgs boson. For 
the purposes of this work it is convenient to introduce the dimensionless quantity L{s) as 
follows: 

3m H(s) = sL{s). (3.2) 

The correct one-loop expressions for the various decay channels contributing to Qm H(s) 
have been derived in |Q and are also reported in the next section. However for the 
purposes of this calculation L will be treated as an arbitrary parameter. Similarly, the 
most general tensorial decomposition of the HZZ vertex, where the two on-shell Z are 
assumed to be contracted with their corresponding polarization vectors, reads 



Gf/%,P,A:) = '-^^^\{l + A{s))g,^ + B{s 



Qt^q, 



V 



q 

-.HZZ I ^HZZ 



2 



■*- GUI' "T ■*- UJ/ • I'J-'JJ 



Notice that in general the CP-violating form-factor proportional to e^j^ppakik2 may appear 



in Eq. (|3.3| ), but it vanishes at one- loop in the Standard Model 0. The exphcit one-loop 
expressions (see Fig. 2) for A and B are also computable by means of the PT, and will be 
presented in the next section, but for the purposes of this section they too will be treated 
as arbitrary quantities. 

Next we calculate the differential and total cross-sections using the above modified 
propagator and vertex. The new differential cross section is obtained from Eq. ( p. 11 



after replacing M^^, Mgt and Mgu by the the modified amplitudes Mgs-, Mgt, and M^. 
respectively, given by: 



M. 



M, 



St 



M. 



2s^ 



it 



m 



2s^ 



[u 



m 



f> 



hl3] - hzx 



M + hzx 



(3.4) 



where 



and 



\A\' = [{s-Mlf + s'L 



-.2 r2i-l 



(3.5) 



with 



/i 

/2 

h 



h + T7t(^ - Rf - 4TT^[i?(A + B) + AL] + 4(3^2 + B^ + 2AB) 



Ml 



/2(1- 



/3(1- 



< 



M^, 



■M| 



BL + {3- Aaf)AL ^LR , 



Ml 



rrif 



+ (1 + Aaj)LR + 2-^AL -^LiR- -^{R - L) , (3.6) 



"M| 



1 



M| 



TTl, 



Ml 



R = A + -B. 

2 



(3.7) 



Similarly, the total cross-section is given from Eq. ( |2.14| ) after replacing ags, <^st and cr^ 
by dss, o-st, and asu, respectively, given by 



0"st 



cr.. 



cr. 



2s\A\^m^f(3^fh 



-8s|ApmJ 



V 



h-^{(3ff2 + yh 



2z 



{3.t 



Clearly, only the purely s-channel contributions together with the interference terms are 
modified, while the "genuine" t- and u- channel contributions (box-like terms) remain 
unaffected. 

It is now obvious from Eq. (|3.6| ) that one cannot recover the correct high energy 
behaviour of the amplitude for generic values of the functions L, A, and B. For example. 



^There are also contributions originating from the one-loop mixing between the Higgs boson and the 
Z boson. Such contributions have been treated correctly within the PT framework in p5| , P6| . It is easy 
to verify from the expressions given in Eq.6 of the first reference in |26| that all such mixing contributions 
are non-resonant in the entire range of the relevant phase-space. 



even if we choose the L, A, and B such that asymptotically L = R, ii the individual L, A, 
and B grow sufficiently fast with s the resulting amplitude has the wrong large-s limit. 
Reversing the situation, in general even if the individual L, A, and B are assumed not 
to grow faster than constants, unless we also have that L ^ R, the resulting total cross- 
section will behave asymptotically at least as a constant, instead of the correct behaviour 
given in Eq. (|2A8|)Pi 

Let us now turn to the L, A and B derived within the PT. Q Using the PT [^ one can 
reorganize the one-loop S'-matrix in such a way as to define Higgs boson and Goldstone 
boson self-energies, n(g^) and 11*^ '^ {(f) ^ respectively, and HZZ and HG^G^ vertices, 
^uif^ and r^*^ *^ , respectively, endowed with all the important properties listed in the 
Introduction. In particular, (i) asymptotically L goes to a constant, whereas A and B 
grow logarithmically (this has been established in [Q and is also studied in detail in the 
next section), (ii) they are related by the following tree- level WI [] 



1 2 



'^^JL^^ -I- M|f ^^°^° 



1c 



rGOGO 



C^C^ , 



n(g^) + n^"^"(A;^) + n^"^"(fc 



(3.9) 



We are now in position to study explicitly how the correct high energy behaviour of 
the Born-improved amplitude is enforced. First of all, by virtue of the first property 
listed above, i.e. because the individual L, A, and B grow mildly with s, we only need 
to show that L = R asymptotically. To see how this comes about, we start with the 
parametrization of T^^^ given in Eq. ( p.3| ) and act with fcffcg on both sides; in the limit 
s 3> M|, we obtain 



2r 



sR. 



(3.10) 



On the other hand, putting the Z's on shell in Eq. (|3.9|) and using the form of II (s 



given in Eq. (|3.1| ), we have that 












Ls + 2n' 



G"gO 



(M| 



^2p/fG0G0 



(3.11) 



Setting 



~^HG'>G° 



2c 



Dis] 



we obtain after equating the left-hand sides of Eq. ( p.lO|) and Eq. ( p.ll| ) 



(3.12) 



R-L 



2n 



GOg" 



(m; 



M'zD{s] 



(3.13) 



Thus, the role of the WI is to supply this last relation; however, no additional information 
about the high energy behaviour of either side of Eq. ( |3.13|) is provided. 



^A physically relevant counter-example is the case where A = B = Q and L = const/ s, which will be 
studied at the end of this section. 

^In what follows we will use "hats" to indicate all such quantities. 



^HZZ 



^ To see that Eq. (3^) has indeed the same form as its tree- level counterpart notice that for V^^ 
r£^,^, n(g2) ^ (g2 _ Ml), f^G"G" ^ r»G"G" = ig^MzMl/2c^, and ^^"^(mI) ^ M| one recovers 



Ofiv 



the Wlof Eq. (2.2) 
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The next important step is to establish that the terms inside the parenthesis on the 
left-hand side of Eq. (|3.13| ) grow at most logarithmically for large values of s. Indeed, 
to begin with, tl^ '^ (^I) is a constant, independent of s. On the other hand, D{s) has 
a non-trivial dependence on s; using the diagrams of Fig. 3, together with the Feynman 
rules given in [^ and Eq. (A. 6) in the Appendix, one can verify that 

:D(s) ~ ln(s//i2) + . . . , (3.14) 

and thus, from Eq. ( ^.13| ) 

R-L = + o(s-Hn{s/f/)] . (3.15) 

As mentioned before, this last relation is crucial for recovering the correct asymptotic 
behaviour for the amplitude. Indeed, in the limit s ^ /i^, setting L = R in Eq. ( p.l3| ) 
yields 

A = -8-ij(l + fl^) + ... , 

A = -]j^(l + «') + ■■■ ■ (3-16) 

Thus, as happens in the non-resonant case of the previous section J2 = h = \f\ and 
therefore 

a,, + Gst + o,u = o(^s-^ ln(s//i2)) . (3.17) 

We are now in a position to fully appreciate the role of the WI. Even though asymp- 
totically L goes to a constant, whereas A and B grow logarithmically, (a fact which, with- 
out additional information, would make us infer that the high energy behaviour of the 
amplitude would be distorted) delicate cancellations make the crucial quantity (L — R) 
energetically suppressed. Thus, cancellations taking place on the left-hand side of Eq. 
( |3.13|) , whose study would necessitate explicit knowledge of L, A and 13, are directly 
encoded in the D appearing on the right-hand side. 

The conclusion of this analysis is that by virtue of the one-loop Ward identities and the 
good individual high-energy behaviour of the PT one-loop Green's functions the tree-level 
and Born-improved amplitudes coincide sufficiently far away from the resonance region. 

We end this section by studying the behaviour of the Born-improved amplitude for 
two different choices for the parameters A, B and L; these choices are not just arbitrary 
mathematical examples, but have instead a rather well-known field-theoretical origin. In 
the first case the WI is violated but the correct high energy behaviour of the amplitude is 
nonetheless recovered; in the second case the WI is fullfiled, but the high energy behaviour 
is distorted. The first example corresponds to the case where a constant width is used in 

^Here we are using the well-known fact |2l| that at one-loop the PT effective Green's functions 
coincide with the conventional (gauge-fixing-parameter- dependent) Green's functions of the Background 
Field Method, for the special value ^q = 1 • This correspondence does not persist beyond one loop p2]. 
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the Born-improved amplitude, i.e. the Higgs boson width has the form Qm H = J2i Ci9{s — 
4:Mf), where the coefficients q are constants, independent of s; their exact expressions 
may be obtained from Eq. (O) by setting s = Mjj. In addition we make the simplest 
assumption for the vertex, namely A = B = Q\ clearly, such an assumption violates the 
WI given in Eq. ( |2.2| ). For large values of s we than have that ^m H = X^jCj = c. In 
that case we have that L = c/s and the corresponding expressions for the /i, /2, and /s 
reduce to 



/i = /i + 



Mr 



h = /2(i - 



Ml. 



h = h{i - 



Ml. 



+ 



m 



f 



Ml 



(3.18) 



So, in the limit of large s we recover the correct asymptotic relation for the /j, and 
therefore for the entire cross-section. Of course, the use of a constant width is known to 
be problematic for other reasons, for example the fact that it leads to a violation of the 
optical theorem [T^ (for details see the second paper of |^). 

The second case pertains to the unitary gauge (the ^ — > cxd limit of the renormalizable 
R^ gauges). In this gauge the WI of Eq. ( p.9| ) is satisfied by the conventional two-and 
three point functions, before resorting to the PT algorithm [^ ; however, their imaginary 
parts display a strong dependence on s. For example the running width corresponding to 
two virtual W bosons in the unitary gauge is given by '^m 11^°°^ ~ (5f^/M^)(s^ —AsM^ + 
12M^), and so, for large s we have that L ~ {g'^/M^)s, which leads to a gross distortion 
of the high energy behaviour of the Born-improved amplitude. 

4 Explicit realization in the pinch technique frame- 
work. 



In this section we will show explicitly that the PT self-energies and vertices satisfy the 
required relations at high energies. In particular we will prove the validity of Eq. ( p.l3| ) 
without resorting to the WI of Eq. ( p.9| ) as we did in the previous section, but instead 
by showing directly that, for asymptotic values of s, L = R. This calculation constitutes 
a non-trivial test of the entire construction; for practical purposes it is essential, given 
the fact that the Green's functions related to the unphysical Goldstone bosons, while 
they are crucial for realising the WI of Eq. ( |3.9| ), do not explicitly appear in the actual 
computation of the cross-section. Indeed, the only quantities which appear in Eq. ( |3.6| ) 
are the A, B, and L, but not the D of Eq. (|3.12| ) nor the f[G°G'\ 

We next proceed with the explicit calculation. The partial running widths for the 
Higgs boson have been ffist calculated at one- loop in [^; they are given by: 



'^m U{zz){s) 



a, 



Ml 



16 M^ 



a, 



Ml 



32 M2, 



1 + 4 



M, 



w 



1 + 4 



Ml 
Ml 
Ml 



-4 



M, 



w 



Ml 



(2s 



3M? 



w) 



-4 



Ml 
Ml 



(2s - 3M|) 



N, 



^F „fl3 



8 Ml, 



sple{s - Amj,) , 



(3w0{s - 4M, 
I3ze{s 



w) 



ml] 



12 



Sm fl^HH){s) 



9a,, 



32 M^ 






(4.1) 



In the above formula we denote by F the various fermionic flavours appearing inside the 
quantum loops, i.e. F G {e,/i, r, m, (i, c, s, t, 6}. Np = 1 for leptons, and Np = 3 for 
quarks. In the case of a heavy Higgs boson the channels which dominate numerically 
are the WW, ZZ and tt . From the above expressions we can extract the dimensionless 
quantities L^^^\ L^^^\ L^^^\ and L^^"\ according to the definition of Eq. (|3); in the 
limit of large s they will be simply the coefficients multiplying s in the expressions given 
on the right-hand side of Eq. ( [4.11 ) . 

The absorptive form-factors A and 13 of the HZZ one-loop vertex are obtained from 
the graphs shown in Fig. 2, using the Feynman rules of ||2^, and can be expressed in 
terms of the standard Passarino-Veltman one-loop integrals p3[ as given in p3 . For on 



shell external Z bosons the arguments of the C functions appearing in the calculation are 



C(M|,M|,s, 



m^,m^,m. 



"i 1 



]■■ 



where rrii, rrij are the masses of the particles inside the triangle, 



(iji) e {(FFF), (WWW), (ZHZ), (HZH)}. We will use the shorthand notation where 
the first three (common) arguments will be suppressed, and the remaining three masses 
will be denoted as a superscript, i.e. C(M|, M^, s, mf , rrip mf) = C^^^^\ Similarly, for the 

Bq functions we use the shorthand notation BQ{s,mi,mi) = Bq . Finally, a "bar" over 
Bq and C indicates that only their absorptive part has been considered. The individual 
diagrams yield: ^ 



iA 



(a) 



N ""- "^* L 



w 



./?|(C'™ + 2Cir^))-8C(r^) 



iA 



iA^b3) 
iA(ci) 

(c2) + ^^(c3) 
iA(_c5) 



+ 



s{(3l + 2(3l)Cr + 2s(3lc[r'' - SC^'']} 



2a,„ Mt ^ 



TT 



W R 



{WW) 






IGtt 2 M^ 



a,. 



fi!^ + 2^2^^ - ll 
V A/f.2 + ^) \^ Ml ^) 



-M^ 



IGvr 

TT M|^° 



^W A'^^iWW) 



2VM2. 



a 



2a^ M^ 



' .^{WWW) 
4024 



vr Ml; 

Oiw Myr ^{WWW) 



+ {s- 2Mi)C^ 



{WWW) 



Air 
iA 



2M^Cr^'^^ 



+ 



Mz^iZHZ) 



(c6) 







'Ml. 



B, 



{ZZ) 



^ The closed expression for the PT absorptive form- factors A and B have been presented first in ||] , 
but here we correct several misprints. 
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Stt 
An 



a,„ w^Ml X2/M2 



i^^-^)m^^p« 



M| ^ VM^ 






Il^iHZH) 

24 



zA(e9) + «A(cio) = -^T7r<^24 • (4-2) 



TT M| 



The individual contributions to the B form-factor are given by 

^A.) = -N,^^s{a,[?,Cr'' + ^C[7''-^C^i''\ (4.3) 



47r M^ 

+i[cr")-4cr")]}, 

«-D(ci) = ^"^ M^ ^ ^^ ° ^ 

Zj 



Ot'xi) S 



M 



4 



Z MZHZ) 



Atc ' 

r2 



^ Cll 

iB(c8) = -^S 



(2§|i-i)^(|f+2)(c{r"^+c(r"^) 



ZS(,9) + zS(,io) = ^^s^^[C}2 '+Q3 ]• (4-4) 

In deriving the above results we have also used the identity 



From the Eq. (|4.2| ) and Eq. (|4.4|) we may collect the total contribution of each separate 
channel to A and 5, which will be denoted by A'^*-'*^ and i?(*-^*); using the definition in 
Eq. ( |3.7| ) we may then construct the corresponding R^^^'^\ In order to determine their 
asymptotic behaviour, we must use that in the limit of large s 

as one may easily verify using the formulae presented in the Appendix. Thus we arrive 
at the following limits for the various R: 

2 2 

B(FFF) Ar Oiw ^np-(^FF) aw rrtp jIff) 
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B{www) _^ _(^fj{ww) _^ _o^ ^ f{ww) 

27r ° 2 

B{ZHZ) _Oiw M^-^zz) o^w Ml _ ^^zz) 

AnM^""' ^ AMI,-'' ' 

This is the announced result. We notice that all necessary cancellations which lead to the 
desired result take place channel by channel, as one would expect on physical grounds. It 
is also important to emphasize that the explicit expressions for the L, A and 13 derived 
in this section allow for a detailed study of the amplitude for the entire range of s, and 
not only asymptotically, as we have done here. 

5 Conclusions 

In this paper we have we shown that within the PT resummation formalism the resonant 
and asymptotic regions of processes with gauge bosons in the final state can be described 
correctly and connected to each other smoothly by means of a single Born-improved am- 
plitude. In particular, using the resonant process // — »• ZZ as a reference process, we 
have studied in detail the mechanism which enforces the correct high-energy behaviour 
of the Born-improved amplitude, and we have shown how this mechanism is in fact auto- 
matically (but non-trivially) realized in the PT framework. This provides an additional 
self-consistency check for the resummation formalism based on the PT. 

An important by-product of this analysis is that explicit closed expression for the 
differential and total cross-sections of the process // -^ ZZ have been computed, both 
at the tree-level and in the Born-improved approximation. For the latter case the generic 
form of the amplitude for arbitrary self-energy and vertex-corrections has been reported, as 
well as the specific corrections obtained from the PT effective Green's function. Of course, 
if Mh > '2^Mz the channel // — > W^W~ will be also relevant; however, the analysis 
presented in this paper may be carried out straightforwardly to the latter process, with 
the additional technical complications of computing the Z and 7 mediated background. 

In the present work we have only treated the case where the (two) gauge bosons 
appeared in the final state. The above considerations may be generalised to the case 
where both incoming and outgoing particles are gauge bosons. The I^-fusion sub-process 



WW -^ ZZ for example has been recently studied for the case of off-shell W^s [^ 
it was shown how the tree-level PT rearrangement of the process qq — > qqZZ restores 
the good high energy behaviour of the aforementioned sub-process, thus solving a long- 
standing problem |2^. Based on the analysis presented here one expects that the results 
established in |^ will persists after the one-loop PT corrections necessary for regulating 
the VF-fusion amplitude near the Higgs boson resonance have been included. 

Given the explicit results for the process // -^ ZZ presented in this paper one could 
carry out a detailed study of the Standard Model Higgs boson line shape, obtained from 
the above process. Such a study could be of potential interest in the context of a muon- 
collider, for example, but is beyond the scope of the present paper. 
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A Absorptive parts of the Bq and C functions 

In this Appendix we list some formulae which are useful when computing the absorptive 
(imaginary) parts of the Bo and C functions. 

For the imaginary part of the Bq function we have (Fig. 4a) 

Bo{q',mlml) = ^n e[q^ - [m.+m^f] \^/\q\mlml) , (A.l) 

where A(x, y.,z) = {x — y — z)"^ — 4:yz. In the cases studied in this paper we have always 
nil = fn2 = fn, and the above formula reduces to 

5o(g^ m^, m^) = tt e{q^ - Am^)^ . (A.2) 

The imaginary parts of Cq in the general case are given by (Fig. 4b) 



Co = lo(ql- (m2 + msfy^kql M|, M',) In 



Pi -mj 

+ 2 

pj — mf 



c.p. , (A.3) 



with 



(ql + Ml - Ml){ql + m^ - ml) ± A5(g2, M^, M^A^ (g^, m^, m^ 

(A.4) 



and the abbreviation c.p. means cyclic permutation with respect to 1, 2, 3. 
For the particular channels appearing in our calculations we have: 



^iwww) ^ ^_ i g^^ _ ^^^^ i^( '+Pz- ^PzPw 






TT 


i 


2 


sPz 


TT 


1 


2 


s/9z 


TT 


1 


2 


sPz 


TT 


1 



F> ''Ml , a2 



1 + PI + 2I3zI3f 
Cr"' = S 7^^(^ - 4Mi) In f i±4M^^ 



.1 + PJj + 2PzPh 



cr" = ■;; -^<>(s - iMi) ta ( , , '-r ,, ) . (a,5) 



For large s the above formulae reduce to 



Cf) = -|^(.-4Mi^)iln(s/M^). (A.6) 



16 



Finally, using the formulae of |2J] , the exact expressions for the remaining C functions 
are given by 



(P^^) - ^ ^0/l#4/,^2 _ ._2N , o.A#2/»^2 , q_2n_ 2/.^2 , ^2 ^^MFFF) 






+ (2M| - 3sM| + s')5f ""^ 
Cr") = ^ ([2m|M| - 1m| - l.m|]Cr"^ + [^^ - lMl]Br) . (A.7) 



- ^2 ^ n 



- ,^2l-^z-o -0 ; , 



(WWW) _ 1 froA#4.,^2 _,,.2 ^ , o.A^2.,.2 , o ,^2 ^ _ 2/,. 2 , ..2 ^^MWWW) 



r4 _Q.A^2 , 210(^-1^)^ 






spz 



(ZHZ) _ i T..2MZHZ) f^(ZZ) 



Ci"'^ = 4t (mlMUMl - AMD + 2SMU5MI - M^ - 2s^Ml]Ci'"'^ 



s'fi'z 

+ [2M|M^ + sMl - As Ml + s^]i?J^^^ 






(A.9) 



spz \ 
Cir""^ = ^f[2M|M^(M|-4M|) + 2.(2M|M^ + 3M|-M^) 

+s2(M^ - 3M|)]Ci^^^^ + [AMI - 2M|M| - 2sM| - sM^ + s^]^, 

Cr"^ = ^ ([2M|M^ - 1m^ - lsMl]Cr''' + [\s - iA4]5r ^) . (A.IO) 



,2.R(HH) 
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FIGURES 
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Fig. 1: The Born-improved amplitude for the process // -^ ZZ. 
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Fig. 2: Diagrams contributing to the one-loop vertex T^ . 
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Fig. 3: Diagrams contributing to the one- loop vertex r . 
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Fig. 4a: The absorptive part of the two-point function. 
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Fig. 4b: The absorptive parts of the three-point function. 
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